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THE PLANE PROBLEM OF T€E FLAPPING W I N G 4  

By Walter Birnbaum 

I n  connection with my report  on the l i f t ing vortex sheet2 which 
forms the e s sen t i a l  basis  o f  t h e  following investigations,  I shall show 
how t h e  methods developed there a r e  a l s o  su i tab le  fo r  dealing w i t h  t he  
air forces f o r  a wing w i t h  a circulat ion var iable  with time. I shall, 
i n  par t icu lar ,  develop the theory o f  a propulsive wing flapping up and 
down periodical ly  i n  the manner of a b i r d ' s  wing. 
l i f t  and i t s  moment result as a function of the flapping motion, w h a t  
thrust i s  attainable, and how high is  the  degree of efficiency of t h i s  
flapping propulsion unit i f  the air f r i c t i o n  is disregarded. Final ly ,  
I shall t r e a t  an in te res t ing  case of dynamic i n s t a b i l i t y  f o r  a spring- 
suspended w i n g ;  t h i s  phenomenon was confirmed by experiments at  the 
G t t i n g e n  aerodynamic test  laboratory. Professor Prandtl  gave me h is  
guidance concerning the present report, and I want t o  express here a l so  
my sincere grat i tude f o r t h e  abundant stimulation and energetic assist- 
ance he gave t o  me a t  a l l  times. 

I shall show how the 

1. General statements.- The calculations refer t o  the two-dimensional 
problem, that is, t o  the wing of  i n f i n i t e  length, o r  bounded by plane s ide  
w a l l s ,  o r  t o  a wing w i t h  so large an aspect r a t i o  that the boundary e f fec t  
is  negligible.  
are v a l i d  concerning smallness of the air  forces, s l i g h t  camber of the 
wing, and so forth. The wing is assumed t o  extend from x = -1/2 t o  
x = +3/2 x = 0 becomes the  center of pressure o f .  
a plane wing with fixed angle of attack. Let v, i n  t h e  d i rec t ion  of the  
pos i t ive  X-axis, be the  air velocity at  a large distance.  Let t he  posi- 
t i v e  Y-axis point downward. 7 = y(x , t ) ,  I denote the  density of the 
l i f t i n g  vort ices  (now a function of t he  time). A t  every var ia t ion w i t h  
time of the  density of c i rculat ion,  f r e e  vort ices  of the  density c ( x , t )  
w i l l  separate from the l i f t i n g  vortices and w i l l  d r i f t  awaywith the a i r  
f low.  
o r  by integrat ion of Euler 's  d i f f e ren t i a l  equation once along the pressure 
s ide and once along the suction side of the wing (compare the unabbreviated 

For the  rest, the same assumptions as i n  the  first report  

so t h a t  the  point 

By 

On the  bas i s  of the  theorem about the  conservation of c i rculat ion,  

*"Das ebene Problem des schlagenden Flugels" Ze i t schr i f t  f 'k  augewandte 

'Abstract from the  Gb'ttinger d i sser ta t ion  of the  same t i t l e .  
Mathematik und Mechanik, Band 4, 1924, pp. 277-292. 

able i n  the  University l ib rary  a t  Gt t ingen  and the  s t a t e  l i b ra ry  a t  
Berlin. Referent: Professor Prandtl .  

2This  per iodical  (Z.f.a.M.M.),  vol.  3, 1923, pp. 290-297. 

Avail- 
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repor t ) ,  one finds easi ly  that the vortices must s a t i s fy  a t  every point 
and a t  every t i m e  the following continuity equation of the vortex density3: - 

? z + & + v - = ,  a€ 
a t  a t  ax 

Generally one w i l l  make sui table  assumptions regarding y(x , t )  so tha t  
E may be found from the equation. If by/&, is  designated by y(x , t ) ,  
i t s  integral  i s  

Where 
t ions.  A f t e r  E has thus been found, there r e su l t s  the induced ve r t i ca l  
velocity i n  f i r s t  approximation as pr incipal  value of the in tegra l  

cp i s  an a rb i t ra ry  function t o  be determined by boundary condi- 

Similarly t o  the former case, 
moved wing contour. 
of the ordinate a t  the point x, thus by y = y(x, t )  (with t h i s  formu- 
l a t i o n  one could a l so  include a moved and simultaneously deformlng w i n g ) ,  
the  kinematic boundary condition reads 

w now has t o  be put i n  re la t ion  with the 
If the motion of the  wing i s  indicated by the value 

3Details on the derivation of t h i s  equation may be found i n  a lecture  
of Prandtl  "On the Formation of Vortices i n  the Ideal  Fluid" a t  the hydro- 
aerodynamic conference a t  Innsbruck lgZ2. 
of hydro and aerodynamics, edited by Th. v .  Karman and T. Levi-Civite, 
Berlin 1924) and i n  the or iginal  report  quoted. 

(Le2tures concerning the f i e l d  
d 
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This i s  the equation from which contour and motion of the  wing are 
obtained if  7 ,  and therewith w, i s  prescribed. I n  analogy t o  the 
above said 

If one takes in to  consideration that the air velocity r e l a t ive  t o  the 
supporting vortex l i n e  has the  components v and w - 2, a there  r e s u l t  a t  
as before the air forces for  the unit length of the w i n g  

The last term i n  W represents as i n  my first  report  the suction 
force a t  the leading edge of the wing, now of course with a coeff ic ient  
variable with time of the first fundamental function. 

a 

2. Periodical wing motion.- From these general expressions, I now 
pass t o  t rea t ing  the special  problem of the flapping wing. 
expected that 7 i t s e l f  i n  t h i s  case w i l l  be periodical, except f o r  
a constant mean value. 

It is  t o  be 

Thus, I determine f i r s t  from the expression 
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I now assume that pa ra l l e l  flow f r ee  from vort ices  prevai ls  ahead 
of the wing. Then I obtain w i t h  = x - 1 / 2  f o r  E and w, under the  
presupposition that the "switching-on process" of the wing motion has 
already run i t s  course ( the  motion thus has become steady),  the fo l -  
lowing expressions: 

~ 

E = O ;  x < - 1  

the  f r ee  vortices E; for  y which alone enters into E is  independent 
of the constant mean value 7 
general. A s  custom.ry i n  osc i l la t ion  theory, one t a c i t l y  deals w i t h  
the  imaginary constituent of y .  v i s  the c i rcu lar  frequency of the 
osci l la t ions,  w = - a dimensionless quantity which I c a l l  "reduced 

frequency" ( v  has the dimensions of an angular velocity since it equals 
the f l i g h t  velocity, measured w i t h  half the wing chord as u n i t  length).  
If one designates the distance t ravel led by the w i n g  a f t e r  a f u l l  period 
as the "wave length" A,  one has 

s o  that t h i s  expression i s  suf f ic ien t ly  

V 
V 

The further r e su l t s  a re  obtained by se r i e s  developments w i t h  respect t o  
the reduced frequency w which have the form 

m n c cmw (log 0) mh n 

These ser ies  converge sa t i s f ac to r i ly  only fo r  small w up t o  about 
03 = 0.1 Thus 
I presuppose f o r  the present report  slow quasi-steady osc i l la t ions  of 
the w i n g ;  t h i s  does not imply, of course, that the ac tua l  frequency can- 
not assume high values, too, if  only the wing chord is  suf f ic ien t ly  small. 
If I calculate, f ina l ly ,  w i t h  w '  = iw,  the formulas obtained, a t  l ea s t  
outwardly, r e a l  coefficients which of fer  many advantages f o r  the 
calculation. 

corresponding t o  a wave length of 30 wing chords or  more. 
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As i n  my first  report, I determine ~O(X) from the  three first 
fundamental functions 4 

Where a, b, c now are complex numbers. One has then a l so  

w = aw + bw + cw 01) 'vt 
0 Oa Ob oc 

w = w e  0 

c 

The in tegra ls  ( 9 )  and (10) cannot be evaluated by elementary functions. 
The last  in tegra l  (10) i n  par t icular  leads t o  an in tegra l  logarithm. 
The E u l e r  constant 
combination w i t h  log 2 
number 

C which appears as  a consequence always occurs i n  
so that I shall introduce as transcendent 

especially f o r  the present report. 
s iderat ion one obtains the w i n  the  form 

If one takes t h i s  f a c t  into con- 

40ne obtains 
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and corresponding expressions with p i  and 7 i  a r e  va l id  f o r  W O b  

and woe. The coefficients ai, p i ,  7 i  a r e  polynomials i n  x the  
coefficients of which a re  l i nea r  and ra t iona l  i n  Z (regarding t h e i r  
values compare the or ig ina l  r epor t ) .  Besides, the  appearance of log w '  
shows that a treatment o f  the  problem with a l i f t i n g  l i n e  instead of 
the  supporting surface must f a i l  since t o  the  t r ans i t i on  t o  the  l i f t i n g  
l i n e  there corresponds a t r ans i t i on  t o  cu' = 0 (v  increases a r b i t r a r i l y  
f o r  decreasing w i n g  chord). For t h i s  reason, the  theory of the  flapping 
wing here presented i s  the  simplest possible one. 

Bypassing the in tegra l  f o r  y, we are  now concerned w i t h  determining 
the  wing motion i n  an appropriate manner and bringing it in to  accord with 
the  expression fo r  7. Since the  methods of the  l i f t i n g  vortex sheet a r e  
l i nea r  and since a deformation osc i l l a t ion  w i l l  not be taken in to  con- 
sideration, shape and mean angle of a t tack  of t he  wing may be disregarded: 
It i s  then suf f ic ien t  t o  calculate  the osc i l la t ions  of a plane wing with 
the  mean angle of a t tack 0 and t o  superimpose these osc i l l a t ions  as 
small fluctuations with time of  the  p ro f i l e  chord l i nea r ly  on the  arbi- 
t r a r i l y  prescribed prof i le .  For the  amplitudes which are assumed t o  be 
small, one may disregard the  f luctuat ion of t he  abscissa of a wing point 
as small of higher order, and has then as the  most general motion s t i l l  
possible (compare f i g .  1) 

p and cp are  t o  be developed as Fourier s e r i e s  with respect t o  cuv; 
I retain only t h e i r  f i r s t  t e r m  

y = (A + B X ) @ ' ~  (13) 

Higher-harmonic osc i l la t ions  would again have t o  be superimposed l inear ly .  
Fluctuations i n  the  f l i g h t  direct ion (which could be expressed by periodica 
fluctuations of v) also w i l l  be disregarded. 

I am designating the  quant i t ies  A and B as complex stroke ampli- 
tude and amplitude of rotary osc i l la t ion ,  respectively,  s ince equation (13) 
is  formed by combination of t he  spec ia l  t rans la tory  and rotary osc i l la t ions  

A = 1, B = 0 (a) and A = O ,  B = l  ( P I  

Thus and a l l  quant i t ies  l i nea r ly  connected with it w i l l  be l i nea r  
and homogeneous i n  A and B. For s implif icat ion of t he  calculation, 
the  cases (a) and ( p )  may therefore be calculated separately and after-  
wards be combined l inear ly ,  f o r  instance 

70 

a = Aa, + BaB e t c .  
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The complex circulat ion coefficients a re  found from equation (4) i n  the 
following manner: a, b, c are expressed i n  the form of the se r i e s  

(14) 

a = a + a w' + a cD1 log w '  + a w" + a w'2log (u' + 
0 1  2 3 4 

a5w' 2 2  l o g  0 1  + aGu13 + a7w'310g w' + 

1310g2u' + a u'310g3w' + . . . &8* 9 

b = b o + .  . . 

c = c o + .  . . J 

Equation (4) has i n  our case the  form 

w(x,t) = (Au' + Bcu'x + B)ve L u ' v t  

= (aw- + bwOb + cwoc)e w ' v t  

This i s  t o  be val id  ident ical ly  i n  x and t .  If both sides a re  
interpreted as ser ies  i n  cu'm(log u ' ) ~ ,  t h e i r  coefficients must be 
ident ical .  a, b, c therein are  unknowns. Each coefficient yields 
a r e l a t ion  i n  which a t  f i rs t  cannot be expected t o  be ident ical ly  
f u l f i l l a b l e  by only three f ree  values. 
condition a t  l ea s t  a t  three suitably selected locations x2, and 

x3. Surprisingly, these conditions are now shown t o  be precisely of the 
second and not of a higher degree i n  x. A t  l e a s t  th i s  i s  the case up 
t o  the terms of t h i r d  order, and there is  no doubt that t h i s  w i l l  remain 
so for  the  higher terms as well. The coefficients of second degree 
i n  x determine, therefore, with the i r  three subcoefficients each one 
t r i p l e t  of values, each of the a, b, c. In  every new comparative 
coefficient there  appears a new value t r i p l e t  of t h i s  kind so that the 
t h i r t y  unknowns fo r  which a formulation has been s e t  up may be found 

x 
It w a s  intended t o  f u l f i l l  the 

XI, 
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c 

uniquely from linear relations by successive evaluation. 
results in the following values: 

The calculation 

a. = 

a1 = 

a2 = 

- 
a3 - 
a4 = 

as = 

% =  

a7 = 

a8 = 

- 
“9 - 

bo = 

bl = 

b2 = 

b3 = 

co = 

c1 = 

c2 = 

c3 = 

bi = 

2Bv 

2 v E  + B(l - 2Zj 
2Bv 

2vFAZ - B(Z - Z2d 
2vk + B ( l  - ZZ] 
2Bv 

2 v E  + B($ - 3211 
2Bv 

0 

4Bv 

0 

2v(A + $ B) 

0 

0 

0 

Bv 

0, i r 4  ci = - 

5The dimensions of all quantities are affected by the selection 
of the w i n g  chord as unit length. 
Zeitschrift fib? Motorluftschiffahrt on the same subject has been arranged 
so that no objections are possible from the viewpoint of similarity 
mechanics. - 

A treatise of the author in the . 
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I want t o  point out here br ie f ly  that approximated values f o r  the  
circulat ion coefficients a re  obtained also, i f  the e f fec t  of t he  free 
vortices is  disregarded and the elementary calculation made i n  such a 
manner as i f  the  momentary apparent angle of a t tack  of each wing element 
were decisive fo r  i t s  circulation, namely the  angle formed by the  air 
velocity v r e l a t ive  t o  the moved w i n g  element and the direct ion of the  
la t ter .  Since i n  case of rotary osci l la t ions (B  f 0) every wing element 
has another ve r t i ca l  velocity, the apparent angles of a t tack of the 
elements a re  a l l  different ,  that is, the w i n g  assumed t o  be plane behaves 
as i f  it had an apparent (dynamic) curvature which is  periodical.  The 
simple calculation (compare the or iginal  report, t h i rd  par t ,  beginning 
of section 11) yields accordingly circulation contributions of the two 
f irst  fundamental functions, that is ,  only the following terms: 

a. = 2Bv bo = 0 

a1 = 2v(A + + El) bl = 2Bv 

Thus except f o r  higher terms and w i t h  consideration of the order of magni- 
tude of B (see below) a good approximation is  obtained. 

A l l  the  rest follows readi ly  from the circulat ion coeff ic ients .  
had introduced the quantity w' i n  order t o  enable an eas ie r  calculation 
and consideration a l so  of  complex a', that is, damped or  excited osc i l -  
l a t ions .  It i s  t rue  that f o r  damped osc i l la t ions  the integrals  (10) lose 
their  meaning, since the osc i l la t ion  had been assumed t o  have been going 
on f o r  an in f in i t e ly  long time so that here in f in i t e ly  large amplitudes 
would have had t o  precede. However, the formulas obtained may be retained 
as approximations, provided a correction is made fo r  the starting process. 
For the following consideration of the steady osci l la t ions,  I continue the 
calculation fo r  reasons of physical c l a r i t y  w i t h  the r e a l  frequency 

I 

a. 

L i f t  and moment are purely periodical quant i t ies ,  that is, t h e i r  
temporal mean value is 0. Nevertheless, t h e i r  amplitude and their  phase 
angle are of in te res t .  According to  formula ( 6 ) ,  there is  

1 K = pv2x(Ak, + B k p ) e i w ~  = pv2n(Ak, + Cky)eim 
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I have introduced here the quantity 
lation. 
B is ofthe order of magnitude UA as a simple consideration shows. 
The value of o is assumed to be small; thus A and C will be of 
the same order of magnitude so that calculation with C instead of B 
will be more convenient in practice. The third form of the air forces 
permits, f o r  cases of equal stroke velocity Aimim, comparison of 
these forces in a simple manner; the roughest approximation theory would 
yield constant coefficients = 2i, % = 2. The coefficients k and 
m are complex numbers the constituents of which are given by the fol- 
lowing series developments. 
are finite. 

C 
This was done because in case of ordinary flapping motions 

as new amplitude of rotary oscil- 

It is noteworthy that the series for m 

u&l = kt = -(1 - 2z)o2 - 2w 2 log u - 2 n d  + 2nJlog o + . . 
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2 ( 1  - 2z)w 2 log cu - 2cO21og2cu - (g - 2 + nZ - 3n22)w3 + 
2 

n(i - 6 z ) ~ ~ h o g  + 3r(w 3 2  l o g  CD + . . . 

2 + - i + Z - 3 n 2 z - Z  2 + 2 z  3) w 3 + 2fiw log w + (g z 

It suggests itself t o  represent k, and % by the  i n i t i a l  posi- 
t i on  of "time vectors," visualized as rotating, i n  the complex number 
plane (as customary i n  alternating-current techniques) and t o  combine 
from t h e m  - w i t h  the parameters A and C (of which A may be assumed 
r e a l  without impairing the generality) - l inear i ly ,  i n  the known manner, 
the amplitude coefficients k = Ak, + Ck,,. (and correspondingly m) 
according t o  magnitude and phase. The diagram ( f igs .  2 and 3) shows the 
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curves of the end points of the vectors k and m as f'unctions - of the 
parameter (0. In the representation of the curves f o r  k and E which 
would yield the most accurate values f o r  the graphical evaluation, the 
curves of the various approximations have been plot ted s ide by s ide for  
comparison of the  convergence of  the  ser ies .  O f  par t icu lar  i n t e re s t  is  
the case where the wing - without being affected by s ignif icant  a i r  
forces - glides over an undulating streamline course, clinging t o  it 
as much as  possible. 
i n  f a c t  yields small air  forces of second order i n  'u, namely 

To t h i s  corresponds the parameter C = -iA, which 

3 .  The induced drag.- The induced drag i s  no longer l i nea r  i n  the 
circulation so that the  complex method could not be retained without 
new stipulations.  It of fers  no longer any simplifications,  and it is 
advisable t o  continue from here on the calculation with the  imaginary 
constituent of a l l  quant i t ies  i n  r e a l  form. 
carried out according t o  equation (7) ,  W assumes the form 

If the calculation i s  

w = WO + w1 sin(& + cpl) + w2 sin(- + cp2) 

Here W1 i s  different  from zero only when the osc i l la t ion  is  superimposed 
on a constant angle of a t tack d i f fe ren t  from zero. W is  i n  cu small, 
of second order,  
nificant;  however, the temporal mean value Wo, which is  d i f fe ren t  from 
zero i s  important. 
reasons of simplicity, again W.  I equate 

The purely periodical terms are,  therefore,  hardly sig- 

I calculate only th i s  value and write f o r  it, f o r  

A = A '  + FA", B = B '  + iB", C = C '  + i C "  

and may assume, without r e s t r i c t ing  the generality, A" = 0. Then W 
becomes a quadratic form i n  A '  = A, B 1 ,  B" (or  A, C' ,  C"): a simple 
deliberation shows that the coefficients of B I 2  and B'12 (or  C ' *  
and C1'2) are equal and that the coefficient of BIB" (or  C 'C")  i s  
zero. Thus W becomes 

(20)  
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I 

c 

The w a  a re  again se r i e s  i n  &(a log and have up t o  higher 
the  values 

1 2  = - ( 3  - 2Z)coZ - - 0 log w + wup 1 - 1  - - w ' 
Lo 2 

r ( 3  - 2 z ) J  + 2 Lu 3 l o g  0) + . . . 
4 2 

1 = - - 0 + 3 1102 - (2 ,2 - 1 22 + 1 z)w3 + 
1 lt 

- wu7 2 h 8 2 2 
WU$l1 - 

$ (1 - 2 Z ) J l o g  co = J l o g  2 cu + . . . z 

13  

terms 

J r (1 + 2Z)d log  w - Jr (0 3 2  log 0) + . . . 
2 2 

W 
Depending on the type of motion, one has, therefore, t o  expect drag or  
thrus t .  I postpone detailed discussion u n t i l  a f t e r  calculation of the 
power requirement and the efficiency. 
undulating flow mentioned above, corresponding t o  
gives 

may be posi t ive or  negative, according t o  the selection of parameters. 

The case of gliding over an 
-A, C' = 0, C" = 

W = A  pv II [4 -CD l o g  0) - (+ - Z p j  7 0  

Thus the selection of parameters made does not yet correspond exactly t o  
the case 
case. 

W = 0; a small correction would have t o  be provided f o r  this 
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4. Work done a t  the wing.- In  the f ree  vortices behind the wing, 
energy i s  contained which must be produced by mechanical work on the 
airplane.  This may be done i n  two ways. The flapping motion may r e su l t ,  
as mentioned before, i n  posit ive or  negative thrus t .  I n  the case of neg- 
a t ive  thrust  a propeller which overcomes this and a l l  other resistances 
t o  f l i g h t  i s  required f o r  maintenance of equilibrium of motion. I n  the 
case of positive thrust  a propeller i s  needed only u n t i l  the  thrust due 
t o  flapping exceeds the resistances t o  f l i g h t ,  whether the  f l i g h t  be 
uniform or  accelerated. A s  t o  the work performed a t  the  wing i t s e l f ,  the  
wing motion consumes, of couse, energy if thrust exis ts ;  the r a t i o  of 
thrust  power -4J = -Wv and the t o t a l  mechanical power Lf t o  be applied 
t o  the w i n g  may then be denoted as aerodynamic efficiency of the flapping 
wing. In  case of drag, two more poss ib i l i t i e s  ex is t .  F i r s t ,  the  flapping 
motion may require additional work. The efficiency defined above then 
becomes negative and a r b i t r a r i l y  large when the wing power 
more and more. Second, the case may OCCLX that Lf becomes negative, 
that is ,  the w i n g  then i s  supplied with energy from the air  ( ind i rec t ly  
by the propeller) and may use that energy f o r  surmounting the  resistances 
i n  the osci l la t ion mechanism, or  may s tore  it i n  the osc i l l a t ion  i t s e l f ,  
t ha t  is, increase i t s  amplitudes. 
the propeller must, of course, i n  t h i s  case yield additionally the energy 
of the free vortices so that one may define the quotient of -Lf and 
the t o t a l  propeller power as efficiency referred t o  the power absorption 
of the w i n g .  This i s  then exactly the reciprocal value of the efficiency 
defined above which i n  t h i s  case, as the  quotient of two negative numbers 
becomes positive but larger than one, thus loses i t s  physical meaning. 
Lf is  divided into two par ts .  One has 

Lf decreases 

- 

Aside from t h i s  "incremental power" 

- a Y  = p * + Gx = icuv(A + Bx)e icuvt 
a t  

Therewith L t  = Ki becomes the "flapping power" and Lr = Mb the power 
opposed t o  the  rotary osci l la t ion;  thus the wing power i s  Lf = Lt + L,. 
The power opposed t o  the drag i s  denoted by 
then remains i n  a l l  
again only the temporal mean values f o r  which I obtain quadratic forms 
of the same type as fo r  W 

L, = Wv. In  the a i r  there 
I indicate of a l l  L i  L = Lf + L, = Lt + Lr + h. 
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L r  has f i n i t e  s e r i e s  and is ,  i n  general, small compared t o  $. 
coefficients a r e  individually 

The 

(." - +4 + 22Lo 4 l o g  w - w 4 2  log w + . . a -F 
2 - "3 + 2 t a a  = w 

2 

(23) 

' (24) 
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7 
3 4 4 2  = a2 - 2 w + (f - z+4 + 2 m  log w - 0 log w + . . . 1 

2 f a a  2 

1 1 1 2  ZfUP' = ;; ZfU7l = I; (3 - 2 z ) d  + - 03 log 0 - 
2 

(1 - 2 z ) J  - J l o g  0 + . . . 
2 

2f(-@" = - 1 Zfu71l = 1 w - - w  x 2  + (a" - + - z - - z  1 1 9 3  w - 
0) 4 2 2 

1 3 2 
2 2 
- (1 - 2z)w log  w -1. J l o g  03 + . . . 

c 

2,=-w3--w rc rc2 4 + .  . . 
2 2 

3 
Z U 7 1  = z w  + . . . 2,p1 = - 1 

CD 2 

2 r c 2  31 1 
CD 2 2 

Zu7tr = - w - - w3 + . . . ZaPIl = - 

3 n 3  2 Jc (1 + 2z)w log w - - 0  l o g  w + . . . 
2 2 

r 
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L, as the  energy of the vortex trail ,  can of course never become nega- 
t i v e  and m u s t  therefore be a positive quadratic form - def in i t i ve  i n  the 
amplitudes. The f a c t  that L i n  the form here noted is  capable a l so  of 
small negative values is caused by the neglect of higher terms i n  the 
series development. W h a t  is obtained i n  t h i s  case, i s  therefore only the 
error ,  accidentally negative, of the almost vanishing vortex power. 
Since, when C is used, a l l  coefficients contain the fac tor  cu2, the 
l a t t e r  has been cancelled i n  t h e  graphical p lo t t ing  which is i n  agree- 
ment with the presentation of the power f o r  constant flapping veloci ty  
( f ig .  4 ) .  The curves show that the essent ia l  terms always s t e m  from the 
stroke amplitude A, possibly in combination of the l a t t e r  w i t h  the  
amplitude of rotary osci l la t ion,  and that the corresponding coeff ic ients  
increase somewhat more slowly than w2. 
above an osc i l la t ion  about the z-axis. More generally, every osc i l l a t ion  
where the r a t i o  of A and C i s  rea l  is a rotary osc i l l a t ion  about the 
fixed axis with the abscissa a where A then i s  A = - ah .  It is 
shown that f o r  not too large values of am, that is ,  fo r  axes which do 
not l i e  a t  too great  a distance, W and L a re  always posit ive;  that  
is, it i s  not possible t o  obtain thrust  o r  power absorption by rotary 
osc i l la t ions  about fixed axes. Production of th rus t  always requires a 
stroke amplitude d i f fe ren t  from zero, power absorption requires addi- 
t iona l ly  a rotary osc i l la t ion  lagging by about 900. Pure stroke osc i l -  
l a t i o n  without rotat ion also produces thrus t  which i n  roughest approxi- 
mation r e su l t s  as -W = A PV YUII , similar t o  the so-called Knoller-Betz 
e f f ec t  ( i f  one calculates w i t h  the  y-axis as the "polar" i n  the plane 
problem). 

BY rotary osc i l l a t ion  I meant 

2 2 2  

One obtains good insight into the var ia t ion of drag and power if 
one var ies ,  f o r  fixed absolute value of the amplitude r a t i o  C/A = c, 
only the  phase angle cp between the two osc i l la t ion  components where 
one then ha6 t o  put 

W is  shown t o  become a minimum, the thrust thus a maximum, when the 
way'1 
wa7 ' 

ro ta t ion  leads by somewhat more t h a n  90°, namely by cp = a r c  t a n  -. 
It is plausible physically, too, that the thrus t  w i l l  assume large values 
precisely then when the phase i s  shifted by about 180° compared t o  the 
phase which is present for  gliding free from air forces over the  wave 
course. For every I cI there exists an cu and vice versa f o r  which 
the  th rus t  maximum is absolute. One then has 
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77 W 

L becomes a minimum and disappears f o r  sui table  cu except fo r  terms 
of the f i f t h  order when the rotat ion is  lagging by somewhat more than goo. 
Finally,  the w i n g  power 
a maximum - when the rotat ion lags by somewhat l e s s  than goo, namely fo r  

cp = a r c  tan -. 
and w the following condition is  s a t i s f i e d  

Lf becomes a minimum - thus, the absorbed power 

2fa.y" 
lfay 

This m a x i m u m  too  becomes absolute when between c 

2fu7 ' 
c'(cu) = - - 

lf77 

Altogether, L becomes negative only when I C /  > 1. 
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The efficiency 

ql i s  val id  f o r  Lf > 0 and L, L - - = 1 - - where 1 

? l = K =  Lf Lf v2 f o r  Lf < 0. 

is  the quotient of two quadratic forms and capable of a great  many values. 
Generally, it becomes negative for  small or completely vanishing stroke 
amplitudes, and a r b i t r a r i l y  large w i t h  w+O. 
rotat ions about a fixed not too remote axis .  
a l so  lim A f 0, 7 approaches f o r  u1 4 0 t o  the l i m i t  1. 

The same i s  val id  fo r  
If, however, A f 0 and 

G O  

BY a rotary component (c" = 0) of equal o r  opposite phase 
c = 0; the same is  t rue  f o r  

is 
always deteriorated compared t o  
c" > 0. 
-1 < - c" 5 - 0, as can be seen from the diagram ( f ig .  5).  
c" = -1, q becomes ident ical ly  1, and f o r  c '  = 0, c" < -1 there 
results power absorption. The representation f o r  fixed I c I i n  depend- 
ence on cp as a discontinuous single-wave-harmonic function i s  very 
graphical fo r  the efficiency as well. Figure 6 shows c lear ly  a t  w h a t  
phase angles the t r ans i t i on  from power absorption t o  power production 
takes place. The most important ones among the  coefficients found from 
the series developments have been compiled i n  the numerical t ab l e  
( tab le  I) .  

c '  = 0, 
I n  contrast ,  the  efficiency i s  improved f o r  c '  = 0, 

For c '  = 0, 

5. Application t o  the f l u t t e r  of e l a s t i c a l l y  supported wings.- The 
derived l a w s  could be pract ical ly  applied i n  the investigation of a 
phenomenon our p i l o t s  observed i n  the last w a r .  
planes, the lower wing was fastened t o  one single spar only, thus w a s  
only s l i gh t ly  e l a s t i c  against small deflections and rotations.  
of increased f l i g h t  velocity, fo r  instance i n  steep dives, there  occurred 
sometimes vigorous f l u t t e r  of the lower wing t i p s  which underwent obviously 
unstable osc i l la t ions  i n  the increased air flow. 
osc i l la t ions  are possible only if energy is supplied t o  the osc i l la t ing  
system, and this occurs, according t o  q investigations, o n l y  when the 
vector of the amplitude of rotat ion lags by about 90° and when the ampli- 
tude of ro ta t ion  i t s e l f  i s  suff ic ient ly  large ( I C  I must be > \A I ) .  Let 
us visual ize  again the gliding - a l m o s t  f r ee  from air  forces - of the w i n g  
over an undulating flow course where the airspeed ( r e l a t ive  t o  the wing 
elements) has no ve r t i ca l  component. 
smaller than corresponds t o  th i s  case, the motion is damped by the 
counteracting air  force. If the amplitude of ro ta t ion  is ,  on the  con- 
t ra ry ,  l a rger  than i n  the case above and the wing therefore scoops more 
deeply in to  the air ,  the a i r  force always a c t s  i n  the d i rec t ion  of the 
motion, and the motion i s  excited. 

I n  the so-called sesqui- 

I n  case 

O f  course, such unstable 

If the amplitude of ro ta t ion  i s  
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I consider a wing supported on spars, e l a s t i c  with respect t o  t rans-  
l a t ion  i n  the y-direction and w i t h  respect t o  t w i s t .  I n  order t o  be able 
t o  go on from my formulas used so far, I introduce the d i rec t iona l  forces 
per un i t  length i n  z-direction; I calculate therefore as i f  these forces 
were distributed continuously over the length of the wing. This assump- 
t i o n  does not lead t o  any contradictions i f  the wing i n  i t s e l f ,  aside 
from i t s  support, is  suf f ic ien t ly  s t i f f .  Since I disregard deflections 
i n  the f l i gh t  direction, I can show that a wing supported on spars always 
has only three essent ia l  e l a s t i c i t y  parameters, corresponding t o  the 
three constants of the work of deformation quadratic i n  p and c p .  
(Compare f ig .  1 and the or iginal  report . )  With respect t o  i t s  e l a s t i c  
properties, this wing may therefore always be replaced by a wing which 
i s  supported only on one spar ( the  "e las t ic  axis") with the abscissa 
e l a s t i c  with respect t o  t ranslat ion by means of the direct ional  force 
and with respect t o  rotat ion by means of the direct ional  moment 
schematically indicated i n  f igure 1. 
and i ts  moment a t  the or igin then a re  

a, 
c, 

The resul tant  of the e l a s t i c  forces 
7, as 

K = -c(p + acp) 

M = -cap - (ca2 + 719 

If 6 i s  the abscissa of the center-of-gravity axis (point S, 
f i g .  1) , the momentum and i t s  moment at the or igin have the values (with 
the mass per u n i t  length and the corresponding moment of i n e r t i a  
.9 = m r 2  

m 
f o r  the center-of-gravity axis) 

The equations of motion of the wing then read 

For K and M the a i r  forces have t o  be added. If I put as before 

c 

c 
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and take into consideration that the a i r  forces have on the  wing the 
opposite effect  from the one the forces of the wing calculated above 
have on the air ,  K and M become 

M = -ecD'* baA + (ea2 + 7 ) B  + pv2n(Arr + %p$ 

For abbreviation, I introduce the following designations 

Therewith there r e su l t  f i n a l l y  as the equations of o sc i l l a t ion  

Equating the determinant t o  zero yields the equation f o r  the fre-  
quencies co = -h'. If I first disregard the forces ( fo r  t h i s  purpose 
I put po = 0), there  r e su l t  two main osc i l la t ions  as a consequence o f  
t he  coupling of the osc i l la t ion  of the center of gravity w i t h  the  f re-  
quency 

frequency 9 %. With 6 = ( s  - a)2  + r2 + q2 there is  

and the osc i l la t ion  about the center of gravity w i t h  the 

7 

= -a1.2 - -  - -  
6 f - 2r2  

B 

J 
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The main osc i l la t ions  therefore a re  ro ta ry  osc i l la t ions  about fixed 
axes a t  t he  distances al,a2. The quantity s - a forms a measure f o r  
the  coupling. 
t ions .  If I wri te  those i n  the  form 

In  general, there develop beats  from both main osc i l l a -  

The motion may be interpreted as an ordinary o i l l a t i o n  with an m p l i -  
tude r a t i o  slowly variable as t o  magnitude and phase. 
appears of course, periodically recurrent,  t he  phase angle which corre- 
sponds i n  the  a i r  flow t o  the  power absorption. 
t o  counteract the change of  t h i s  phase angle, corresponding t o  con- 
tinuous supply of energy, it can be shown that the  case of s l i g h t  coupling 
( s  - a small) fo r  balanced or almost balanced frequencies of t he  uncoupled 
system i s  the  bes t  presupposition f o r  t h i s  phenomenon. 
from the r e su l t s  of the  following calculation with consideration of t he  
a i r  forces t h a t  without coupling ( s  = a)  no unstable osc i l l a t ion  a t  a l l  
would be possible.  

Therein there  

b 
If the  air  forces a re  

I a m  ant ic ipat ing 

The air-force coeff ic ients  occurring i n  the  osc i l l a t ion  determinant 
a r e  themselves functions of t he  frequency o' which cannot be indicated 
by simple ana ly t ica l  expressions so that the roots  of the  osc i l l a t ion  
determinant cannot be obtained i n  a simple manner. However, since t h e i r  
existence i s  secured by the physical meaning of the  problem, it i s  per- 
missible to introduce in to  the  equation instead of the  coeff ic ients  k 
and m, the  f i rs t  terms of t h e i r  s e r i e s  developments, a l l  t he  more s o  
since the occurring fac tor  generally i s  a small number; f o r  it i s  
sensible t o  break off the se r i e s  f o r  cos x i n  order t o  f ind  from the  
polynomial obtained f o r  instance approximately the  first zero of t h i s  
function whereas the  same method i s  meaningless f o r  
of t h i s  function ex i s t  i n  the f i n i t e  domain. 

po 

ex, since no zeros 

The osc i l l a t ion  determinant obtains the  following form 

r2014 + 6 % ' ~ ' ~  + q %  + p0o''[r2 + s2)& - skP - s% + m d  + 
m 
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The roughest approximation i s  the r e su l t  of the calculation which 
bases the determination of the l i f t  and moment coefficients - i n  the 
manner of the theory of the Kholler-Betz e f fec t  - on the momentary 
apparent angle of attack and the apparent (dynamic) curvature of the 
wing. 
roots CD' w i t h  posi t ive r e a l  par ts  which r e su l t  i n  an "increment" of 
the osc i l la t ions  and thus correspond t o  dynamic in s t ab i l i t y .  I shall 
not here discuss th i s  approximation more closely. Also, I shall only 
b r i e f ly  mention the case of the greatest  i n s t a b i l i t y  since th i s  case 
is  t r i v i a l .  It occurs if the  e las t ic  ax is  l ies  so far t o  the rear that 
a t  the s l igh te s t  displacement of the wing from equilibrium posit ion the 
air flow simply causes the apparatus t o  tip over aperiodically toward 
the rear .  This always occurs as soon as a is  posit ive and the air 

velocity suf f ic ien t ly  large, namely fo r  a > - or v2 > - 
2p0 2pna 

fo r  a > 0. 

Even w i t h  t h i s  procedure, there r e su l t  i n  cer ta in  cases complex 

s2,,02 Y 

If I re t a in  of k and m a l l  terms up the second order i n  CD?, 
the period-equation of the wing becomes 

~ ( c D ' )  = aouv4 + ao'o-)' 4 log CD' + a. 1' co 14 log 2 w' + b p ' 3  + bOtu13lpg CD' + 

c o d 2  + c o w  2 log CD' + c0~'(o'21og2,' + doCD' + 

dotuU) log ut + eo = 0 

With the  coefficients 

bo = pop + po2 1 Z > 0 
( 4 - )  

co = CDo2b + P0V) - 2p0s + Po 2 

do = wo 2 pox > 0 
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6 .  Numerical evaluation.- The equation can be solved only approxi- 
mately, of course. 
terms and determined the roots GI o f  the algebraic equation 

For this purpose, I first omitted the logarithmic 

&(GI) = aGf4 + bG'3 + c@12 + doO)' + eo = 0 (33) 

- 
I regard t h i s  equation as  an approximation, equate 
can now develop the logarithmic terms retaining the l i nea r  terms i n  
Thus I obtain 

cu' = cu' + x, and 
x. 

R = a 'Et3 + a ' '6 '31~g z' + bo'$' + c 'G' + d '(I + 35' log (ut) 
0 0 0 0 

3boU)l2 + bo'cO'2(1 + 3 log 0) + Zc@' + colG ' ( l  + 2 log E ' )  + 

do + %'(l -t 25' log Z')(l + log G') 

The procedure may be continued and yields the fur ther  approximation 

R(o) ' )w'  logo)' + g(o3') X' s - 
S b '  ) 

Finally,  there follows the complex amplitude r a t i o  B:A = b from 
one of the equations (29). 
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Finally one now has t o  learn the  conditions f o r  which the  equation 
f o r  w '  has complex roots w i t h  posi t ive real par t ,  corresponding t o  
excited osci l la t ions or c r i t i c a l  support of the  w i n g .  For the l imit ing 
case of dynamic indifference, I formulate the  roots of t he  equation (32) 
as purely imaginary and obtain, by se t t i ng  the  real  and the  imaginary 
constituent of the  equation equal t o  zero, the  conditions 

- c0'o 2 log cu - dolu)(E + w l o g  
4 

a ' 4 w3 + a. ' 1  nu) 3 log w - b e 2  - bO1u 2 log w - 
0 2  

co' gu) + do1 log w ( 1  - m) + do = 0 

- 

Fromthem w would have t o  be eliminated i n  every special  case 
whereby a conditional equation f o r  any of t he  parameters s, a,  r2, 
q2, wo, po o r  f o r  the f l i g h t  veloci ty  v r e su l t s .  A s  an approxi- 
mation, it i s  suf f ic ien t  t o  investigate the  equation (33) .  Since the  
approximation (34) shows i n  the  case of i n s t ab i l i t y ,  a small addi t ional  
damping, the c r i t e r i a  f o r  i n s t a b i l i t y  derived from the  following equa- 
t ions  a re  necessary but not always suf f ic ien t ;  they are therefore va l id  
only with the  reservation of checking with the  approximation (34) .  
they a re  sa t i s f ied ,  the wing may a t  any rate be regarded as c r i t i c a l l y  
supported. 
I shall mention one which i s  very simple but  suf f ices  only f o r  cases of 
great  ins tab i l i ty .  This i s  the  condition that the  coeff ic ient  co becomes 
negative 

When 

Before I set down the  most general c r i t e r ion  f o r  i n s t ab i l i t y ,  

c 



NACA TM 1364 27 

Written as a func+,ion of s, the same condition reads 

Further l i m i t s  a re  yielded by the  Routh condition 

CL + Po($ - z) 
%2 + ( h 0 2  - 2Poa) 

po2($ + 4: 1 z - z21, + p o ( i  - z) A 

J 

I n  order t o  sa t i s fy  t h i s  equation, it w i l l  above all be required 
that v be suf f ic ien t ly  large,  that  is, % suf f ic ien t ly  small. Fur- 
thermore, s m u s t  be posit ive;  therewith s - a i s  posit ive,  too, 
because, as mentioned before, a > O  would f o r  suf f ic ien t ly  large v 
always r e su l t  i n  great i n s t ab i l i t y .  One can readi ly  understand that 
t h i s  must be so. The centroidal axis of the wing as axis of i n e r t i a  
generally lags behind the e l a s t i c  axis as l i n e  of application of the 
d i rec t iona l  force. If the  centroidal axis  therefore l i e s ,  i n  f l i g h t  
direct ion,  behind the e l a s t i c  axis ( s  - a > 0) ,  the wing has i n  i t s  
upward motion, on the average, a posit ive angle of attack; the opposite 
is  t r u e  fo r  the downward motion. 
i n  the  direct ion of the motion and amplify the osci l la t ion;  whereas i n  
the case s - a < O  the opposite, that i s ,  damping occurs. 

Thus the air  forces always take e f f ec t  

It can eas i ly  be confirmed that  both degrees of freedom must a c t  
together f o r  achievement of the osci l la t ion.  
yields  roots with negative r e a l  parts if one of the degrees of freedom 
is suppressed (corresponding t o  u+, = w or  q2 = m) . This f a c t  is 
confirmed by the f a i lu re  of t e s t s  undertaken formerly i n  Gijttinger with 
a w i n g  with only one degree of freedom. 

The calculation always 
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The power L produced or,  respectively,  absorbed by the  wing is  
according t o  previous formulas 

Lf = A2mv 3 Z f  
7 

If I put temporarily w' = p + ico, t he  mean value of the  en t i r e  
wing energy f o r  constant amplitude A is  

4 

Q = ,uoz + w2 + Z b '  amo' + su') + ( 

(bf2 + b"') E2 + q2)wO2 + (r2 + s2),2] 

A = Aoevpt, and hence, i n  a d i f fe ren t  form 

J 

If t he  osc i l l a t ion  calculation has been carr ied out, the  agreement 
of t he  values 
for  the calculation. 

2f found by different  methods of fe rs  therefore  a control 

7. Comparison with a t e s t  resu l t . -  For confirmation of t he  theory, 
tests w i t h  a l i g h t  wooden wing of 60 cm length and 10 cm chord were 
performed i n  t h e  small wind tunnel of t h e  Gb'ttinger aerodynamic tes t  
i n s t i t u t e  . 
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This wing was suspended on an axis between plane s ide w a l l s  by 
means of springs. The springs acted on cross-shaped metal sheets 
which carried moreover sliding weights f o r  var ia t ion of the distance 
from the center of gravity and o f  the moment of i ne r t i a .  The suspen- 
sion springs or,  respectively, the i r  i n i t i a l  compression t ransferred 
the  direct ional  force or,  respectively, the direct ional  moment corre- 
sponding t o  my formdation t o  t h e  suspension axis .  I shall not discuss 
here further details of the apparatus; I r e fe r  instead t o  the drawing 
f igure 7. The purpose of the t e s t s  was the determination of the  incre- 
ments o r  decrements of the oscil lations;  f o r  th i s  it was suf f ic ien t  t o  
p lo t  the osc i l la t ion  of a point, for instance the suspension axis .  
This was  done with the aid of a registering drum kindly put a t  our  
disposal by the physiological In s t i t u t e  of the University Gottingen. 
A few of the diagrams of damped and increasing osc i l la t ions  thus 
obtain d a re  reproduced i n  figure 8. Fromthese diagrams the r a t io s  

a = e  ' of amplitudes succeeding one another were determined and were 
compared w i t h  the  values found by calculation w i t h  consideration of the 
f r i c t i o n a l  damping produced by a0t  and uor of the t ranslatory or  
ro ta ry  osci l la t ions.  Within the considerable limits of e r ror  which 
could have been cut down only by a major expenditure of time and means, 
the agreement may be called satisfactory.  

n 

The var ia t ion of the numbers was i n  excellent agreement w i t h  the 
theory. An increase o r  damping of the small osc i l la t ions  resul ted 
according t o  whether the wing was overweight toward the rear o r  the  
front;  the r a t i o  of amplitudes succeeding one another increased when 
the overweight was increased o r  when the air w a s  blowing more strongly 
against  the w i n g .  A precession of the leading edge of the wing was 
c lear ly  evident when the wing was supported so as t o  be unstable. 
corresponds i n  the usual notation t o  a lag  of the rotary osc i l l a t ion  
as must be the case fo r  power absorption. 

This 

Finally,  it is  noteworthy that for small air  ve loc i t ies  of about 
5 m per second the influence of the viscosity was shown by the f a c t  that 
the l i f t  w a s  not yet f u l l y  developed a t  small angles of a t tack.  For the  
smaller character is t ic  values of about 500 m/sec. mm a symmetrical wing 
has a small range "dead angle of attack" where the l i f t  remains near 
zero ( a s  shown also by other tests i n  Gb'ttingen). 
were therefore s t i l l  damped when osci l la t ions w i t h  a larger  i n i t i a l  
amplitude were already increasing. 
these two cases decreased of course more and more w i t h  increasing 

The small osc i l la t ions  

The l imiting amplitude lying between 
v. 

Translated by Mary L.  Mahler 
National Advisory Committee 
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Figure 1.- Elastic suspension of a Joukowsky profile with plane "spine." 
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1 Figure 2.- Vectorial lift and moment coefficients for equal beat amplitudes. 
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Figure 3.- Vectorial lift and moment coefficients for  equal beat velocity. 
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Figure 4.- Power and drag coefficients for  equal beat velocity. 
(1) w-21faa; (a )  w-2&7t ;  (3) cu-+far"; (4) cu-21frr; 

(5) L U - ~ W ~ ;  (6) C O - ~ W ~ , ~ ;  (7) LU 'WCLY"; (8 )  L U - ~ W ~ Y .  
- 



NACA TM 1364 35 

Figure 5.- Degrees of efficiency as a function of LD for different amplitude 
ratios c. 



NACA TM 1364 

Pi i 9 ! 0" i i I 80° I i i 270" 1 9 ! 360"l 

Figure 6.- Degrees of efficiency as a function of the phase cp. 
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Figure 7. - Test arrangement. 
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Figure 8. - Oscillation diagrams. 
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